In this note, it is proved that a graphs is (2K 2 , P 4 )-free if and only if its edge ring is universally Koszul. Using properties of this family of graphs, we show that Universally Koszul algebras defined by graphs have linear minimal free resolution.
Let K be a field and R be a standard graded K-algebra. More precisely, R = ⊕ i∈N R i is of the form K[X 1 , . . . , X n ]/I where I is a homogeneous ideal. Let S = K[X 1 , . . . , X n ] and x i = X i be image of X i in R. The minimal R-free resolution of a graded R-module M is said to be linear if the matrices that represent the maps of the resolution have entries of degree 1.
Definition 0.1 The algebra R is called Koszul if K ≃ R/ x 1 , . . . , x n has a linear minimal R-free resolution. We say R is universally Koszul if for each ideal J of R generated by elements of degree 1, R/J has a linear R-free resolution.
The following lemma is known [1] .
Lemma 0.2 Let R ≃ S/I be universally Koszul algebra. Then, I is an ideal generated by homogeneous polynomials of degree two.
For a survey on Koszul algebras we refer the reader to the paper of Fröberg [3] . For generalities on universally Koszul algebras refer to papers of Conca [1] and [2] . The goal of this note is to classify the universally Koszul algebras defined by square-free quadratics, that is, algebras of the form S/I such that I is generated by square-free monomials of degree two.
Let G be a graph on the vertex set V = {v l , ..., v n }. The edge ideal I(G), associated to G, is the ideal of S generated by the set of all squarefree monomials X i X j provided that v i is adjacent to v j in G. The ideal I(G) is called edge ideal of G and the ring S/I(G) is called edge ring of G.
Define the fiber product of R 1 and R 2 to be
Note that if R 1 is edge ring of a graph G 1 and R 2 is edge ring of G 2 , then R 1 • R 2 is edge ring of join graph of G 1 and G 2 , which is a graph consisting of G 1 and G 2 and all vertices of G 1 are adjacent to all vertices of G 2 .
Lemma 0.4 [2] (a) A ring is universally Koszul if and only if R[X] is universally Koszul.
Where, X is an indeterminate over R. Let 2K 2 be disjoint union of two K 2 (complete graph with two vertices and one edge), and let P 4 be a path of length 3 (a graph with 4 vertices and 3 edges connecting them successively). We say that a graph G is (2K 2 , P 4 )-free if there is no any induced subgraph of G isomorphic to 2K 2 or P 4 . A graph is called chordal if there is no any induced subgraph isomorphic to C l (cycle of length l) for l > 3. Now we state the main theorem of this note.
Theorem 0.5 Let R be the edge ideal of a graph G. The following conditions are equivalent:
(1) R is universally Koszul, ( 2) The graph G is (2K 2 , P 4 )-free.
Proof. First note that if we add some vertices with degree 0 to the graph G, then by Lemma 0.4(a), the ring R(G) is universally Koszul if and only if the edge ring of the new graph is universally Koszul, therefore, we may assume that the graph G does not have any vertex with degree 0.
(1) → (2) Assume that G is not (2K 2 , P 4 )-free. Then G has an induced subgraph isomorphic to P 4 or 2K 2 . In this case, there are indeterminates x i 1 , x i 2 , x i 3 , x i 4 such that at least one of the following conditions hold.
In both cases Then w ∈ A and there is u ∈ V (G) such that u ∼ w, or w ∈ A and there is u ∈ A such that u ∼ w. In both cases, v i is adjacent to none of u and w. Then v must be adjacent to both u and w, because in other case we have an induced subgraph of G isomorphic to 2K 2 or P 4 . Therefore, G is join of two induced graphs on N (v i ) and V (G)\N (v i ) and by induction hypothesis, both graphs are universally Koszul and by Lemma 0.4(b), G is universally Koszul.
2 Let G be a graph. Then G is (2K 2 , P 4 )-free graph if and only if G, the complement of G, is (C 4 , P 4 )-free, where C 4 is the cycle of length 4. Therefore, in G there is no any induced cycle of length 4 or greater and it is a chordal graph.
We use the following theorem of Fröberg in reformulated form to state the final step of this note. 
